Manipulating and controlling the optical energy flow inside random media is a research frontier of photonics and the basis of novel laser designs. In particular, light amplification in randomly dispersed active inclusions under external pumping has been extensively investigated, although it still lacks external tunability, reproducibility, and control over the beam spatial pattern, thus hindering its application in practical devices. Here we show that a graphene random metamaterial provides the means to overcome these limitations through its extraordinarily-low threshold for saturable absorption. The nonlinear properties of nano-graphene combined with an optically pumped gain medium allow us to controllably tune the system from chaotic to stable single-mode lasing. Our results hold great potential for the development of single-mode cavity-free lasers with engineered beam patterns in disordered media.
INTRODUCTION
Laser operation is usually achieved through three basic elements: an amplifying medium, an external pumping setup, and an optical cavity that confines and shapes the emitted light in well-determined modes and directions. However, several modern approaches are extending this traditional laser paradigm into new avenues. For instance, the fastly developing fiber-laser technology replaces the optical cavity with photonic fibers, thus enabling large average powers and very high beam qualities [1] . Additionally, the advent of nano-plasmonic materials has prompted the demonstration of plasmon stimulated emission in metallic nanoparticles [2] [3] [4] and waveguides embedding gaining media [5] [6] [7] [8] , which enable lasing of sub-wavelength beams. In a complementary direction, light amplification has been achieved in artificially engineered materials -metamaterials -that hold promise as planar sources of spatially and temporally coherent radiation [9] , for compensating losses in negative-index media [10] , and for achieving cavity-free lasing in the stoppedlight regime [11] .
Cavity-free stimulated emission of radiation has been widely studied in random lasers (RLs) [12] [13] [14] , where the optical cavity modes of traditional lasers are replaced with multiple scattering in disordered media, while the interplay between gain and scattering determines the lasing properties. The physics behind RLs is rich and involved, as multiple scattering of light in disordered media leads to very complex electromagnetic mode structures. Indeed, RL emission is typically highly multi-mode owing to the co-existence of narrowly confined modes ensuing from Anderson localization (AL) [15, 16] and extended modes [17, 18] . Interestingly, light acquires a glassy behavior in RLs since nonlinear dynamics involves a replicasymmetry breaking phase transition [19, 20] . Additionally, dispersing plasmonic nanoparticles in RLs enables the control of lasing resonances [21] and coherent feedback [22] . In spite of their striking potential applications, RLs lack external tunability, reproducibility, and control over the spatial pattern of the output beam. Overcoming these limitations is central for the development and application of cost-effective cavity-free lasers.
Inspired by the aforementioned challenges, here we investigate the optical properties of randomly-oriented undoped graphene flakes embedded in externally pumped amplifying media. We demonstrate a novel mechanism leading to stable and tunable single-mode cavity-free lasing characterized by a well-determined and highly coherent spatial pattern. We find that the transverse size of the localized output beam, ranging from a few to several hundreds microns, can be accurately manipulated through the external pumping and through the volume density of graphene flakes. This cavity-free lasing mechanism profoundly relies on the extraordinary optical properties of graphene [23] [24] [25] , which has already been employed in photonics for ultrafast photodetectors [26] , optical modulation [27, 28] , molecular sensing [29, 30] , and several nonlinear applications [31] [32] [33] [34] . Graphene's salient feature underpinning cavity-free lasing ensues from its highly-saturated absorption at rather modest light intensities [35, 36] , a remarkable property which has already been exploited for mode-locking in ultrafast fiber-lasers [37, 38] .
A CAVITY-FREE GRAPHENE LASER DESIGN
For our proof-of-concept, we consider a disordered medium composed of undoped graphene flakes and Rhodamine 6G (R6G) dyes dispersed in polymethyl methacrylate (PMMA), as schematically depicted in Fig.  1(a) . Graphene is routinely exfoliated from graphite and dispersed in several solutions including dimethylformamide (DMF), which can be also used to dissolve R6G and PMMA. We remark that the practical fabrication of such disordered medium does not involve advanced nanofabrication techniques. For simplicity, we assume that the graphene flakes are disks with volume density N and diameter D = 30 nm, for which quantum many-body and finite-size effects are negligible [34] . R6G constitutes the optically amplifying medium, in which population inversion can be achieved through a frequency-doubled Nd-YAG laser-pump beam at wavelength λ = 532 nm. The aimed wavelength of laser operation is λ = 593 nm, where R6G has its peak emission. Under these conditions, graphene flakes are much smaller than the optical wavelength and multiple scattering, which occurs in the quasi-static regime, is captured by the effective permittivity of the composite material. To place this in context, typical RLs also work with R6G dispersed in PMMA [39] , but in contrast, multiple scattering is efficiently achieved through randomly positioned particles whose dimensions are comparable with the optical wavelength [see Fig. 1(b) ]. Remarkably, the proposed setup [see Fig. 1(a) ] enables the engineering of the composite optical response in order to achieve stable single-mode operation and to manipulate the beam spatial pattern.
SATURABLE ABSORPTION OF GRAPHENE
The conical band structure of undoped graphene around the Dirac points [see (2DMDFs) with constant Fermi velocity v F 10 6 m/s [40, 41] . As a consequence, graphene is resonant over a broad range of optical wavelengths, undergoing an absorbance α 0 ≈ π/137 in the limit of small excitation intensities. The linear optical conductivity σ 0 = e 2 /(4h) is dispersionless in this optical regime. However, at higher light intensities, absorption saturates due to the nonlinear dynamics of graphene electrons [see . In most materials, this leads to a light-intensity (I) dependence of the absorption rate α, which typically follows a law α(I) = α 0 /[1 + I/I S ], where I S is the saturation intensity. However, we find that the peculiar band structure of graphene produces a different intensity dependence of the absorbance: α(I) = α 0 / 1 + I/I S , where
) and ω S = 6.16 rad ps −1 . Interestingly, we find a remarkably small value of I S 22 MW/cm 2 (λ = 593 nm), which is consistent with experimental findings [35, 36] . The intensity-dependent conductivity σ(I), which is plotted in Fig. 2 (b), can be derived directly from the graphene Bloch equations (GBEs) [42] (see Appendix I).
AVERAGED OPTICAL RESPONSE
We model R6G amplification through the traditional Bloch description of two-level systems (see Appendix II), where the external optical pumping is assumed to yield a stable population inversion. For monochromatic waves, Bloch dynamics can be solved analytically and, at resonance, reduces to a purely imaginary susceptibility accounting for gain:
], where k 0 = 2π/λ is the vacuum wave-vector, λ = 593 nm (see above), g 0 is the unsaturated gain coefficient (which depends on R6G density and can be tuned through the external pump at λ = 532 nm), and I
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150 MW/cm 2 is the R6G saturation intensity [43] . Unsaturated gain values of about g 0 400 cm −1 have been experimentally demonstrated with R6G [5] . PMMA contributes to the optical response through a background dielectric constant b 2.23 at the operating wavelength. Subwavelength randomly-oriented graphene disks are modeled through the standard electrostatic approach [25] . The optical response of undoped graphene disks is thoroughly accounted for by the first dipolar resonance tail, which gives the polarizability
The total response of the system is finally calculated through the Clausius-Mossotti effectivemedium theory in the limit of small graphene density (see Appendix III):
where the factor 2/3 accounts for the random orientation of the disks. The optical properties of the random medium, including PMMA, saturated R6G amplification, graphene absorption and the induced phase shift, are thus fully contained within eff (I).
DISSIPATIVE OPTICAL DYNAMICS
Nonlinear propagation of monochromatic beams in the effective medium under consideration is modeled through the slowly-varying envelope approach (see Appendix IV), where the optical field is expressed as E(r, t) = A(r ⊥ , z)e ik0( √ b z−ct) n, r = (r ⊥ , z) is the position vector, n is a unit vector accounting for the arbitrary linear polarization of the beam, and the optical envelope A(z, r ⊥ ) is governed by
Extended homogeneous modes of the system are calculated by setting the ansatz A(z) = A 0 e iβz in Eq. (1), where β is the propagation constant correction and A 0 is the mode amplitude. We solve the ensuing nonlinear equation for A 0 (see Appendix IV) considering several values of the gain coefficent g 0 [see Fig. 3(a) ]. We find a sub-critical bifurcation of extended nonlinear modes from the trivial vacuum A 0 = 0 and identify three types of modes: Type I and II coexist in the bi-stable sub-critical domain, while Type III exists only in the over-critical domain [see Fig. 3(a) ]. We further evaluate the stability properties of these modes against small amplitude waves with transverse wave-vector q (see Appendix IV), finding that Type I modes are always unstable, while Type II and III modes are unstable only for a finite range of q [see Fig. 3(b) , where we plot the maximum instability growth coefficient γ against q]. Besides, Type II/III extended modes exist on top of a stable/unstable background A 0 = 0, respectively. Thus, nonlinear dynamics in sub-critical/over-critical domains leads to qualitatively different phenomena [see Fig. 3 We further investigate the properties of (1 + 1)D localized filaments by setting the ansatz A(x, z) = A 0 (x)e iβz in Eq. (1) and numerically solving the ensuing nonlinear differential equation for A 0 (x) (see Appendix IV). In the context of dissipative systems, these kinds of localized nonlinear modes are commonly named dissipative soli- tons (DSs) [44] , as they involve an internal power flow enabling stationary propagation. We also find a sub-critical bifurcation from the trivial vacuum A 0 (x) = 0 for these localized modes and we identify three types of them: DS1 and DS2 coexist in the bi-stable sub-critical domain, while DS3 exists only in the over-critical domain [see Fig. 4(a) , where we plot their maximum intensity Fig. 4(b) for fixed graphene flake density N = 10 3 µm −3 , and can be tuned from a few tenths to several hundreds of microns. Intensity profiles of DS1, DS2, and DS3 modes are plotted in Fig. 4(c) , while their x-dependent phase φ = atan[ImA 0 (x)/ReA 0 (x)] is shown in Fig. 4(d) . Interestingly, owing to the transverse inhomogeneous phase, for every localized mode there is a peculiar internal power flow enabling stationary propagation within an intensity-dependent absorption/amplification environment [see Fig. 4(d) ]. Finally, we analyze mode stability properties in propagation, finding that only DS2 modes can be stable [see Fig. 4(e) ]. This leads to the conclusion that this system enables single-mode operation with spatial patterns determined by the external optical pump (which tunes the gain coefficient g 0 ) and the density of graphene flakes [see Fig.  4(f) , where we depict the achievable minimum DS width w min and the corresponding gain coefficient g 0 against the graphene flake density]. Our results thus indicate that tunable single-mode cavity-free lasing can be achieved at the micrometer-scale with current technology.
CONCLUSIONS
In conclusion, the extremely low-threshold saturable absorpion of graphene allows us to design an active random metamaterial capable of sustaining single-mode size/shape-controlled laser beams. The external pump intensity and the density of graphene flakes determine the regime of operation, which can be varied from chaotic to stable single-mode. Because the proposed random medium is a disordered mixture of currently available materials, it is promising as an inexpensive and versatile platform for the design of cavity-free light amplifiers and lasers. In our calculations, we model light-induced out-ofequilibrium dynamics of 2DMDFs through GBEs, which can be directly derived from the 2D Dirac equation for MDFs with momentum p [42] . In this approach, MDFs are let to interact with an external monochromatic electric field E(t) = Re E 0 e −iωt x with angular frequency ω and polarized along thex-direction. The electromagnetic interaction is evaluated through the minimal coupling π(t) = p + eA(t), where the MDF quasimomentum π(t) is temporally driven by the potential vector A(t) = − E(t )dt . The temporal dynamics of the p-dependent coherence Γ p (t) and inversion of population n p (t) is governed by GBEs, which in the limit eA(t) <<hω/v F are explicitly given bẏ
where ω 0 = 2v F p/h, and the electron momentum is expressed in polar coordinates p = p(cosϕ, sinϕ). Electron-hole recombination processes are taken into account through the phenomelogical parameters T 1 , T 2 , which represent the population decay and the coherence dephasing time-scales, respectively. In our calculations we assume T 1 = T 2 = 100fs. We obtain steady-state analytical solutions of Eqs. (2-3) by using the ansatz
and solving the ensuing system of algebraic equations for Γ ± p , n 0 p , and n Ω p neglecting third-harmonic terms. In the limit of vanishing Fermi energy and temperature, the total current density induced on the graphene is given by
pΓ p (t)dp, where g s = 2 and g v = 2 are the spin and valley degeneracy factors. The graphene conductivity σ is thus straightforwardly extracted from J = Re [σE] . We have numerically solved the integrals above for several light intensities I = (1/2) 0 c|E 0 | 2 , and found good fitting with the following analytical expression for σ(I):
, and ω η = 46.20 rad ps −1 .
II. Amplification of the active medium
For our proof-of-concept we consider externally pumped R6G as the gaining medium. The optical response of R6G is modeled through the traditional Bloch equations (BEs) of two-level systems with resonant angular frequency ω ba and transition dipole moment µ ba . The temporal dynamics of the density matrix coherence ρ ba = r ba e −iωt and population inversion n ba = ρ bb − ρ aa under the external monochromatic driving field is governed by the BEṡ
where n eq ba > 0 is the equilibrium population inversion induced by the external pump, τ 1 and τ 2 are the characteristic population decay and coherence dephasing times of R6G, respectively, and we adopt the rotating wave approximation. Furthermore, we assume that R6G is operating at resonance (i.e., ω = ω ba ). Stationary solutions of the BEs are thus directly found by settinġ r ba =ṅ ba = 0. The R6G induced polarization is in turn given by P(t) = N R6G (µ * ba ρ ba + µ ba ρ * ba ), where N R6G is the R6G density. Hence, the R6G susceptibility becomes
where I
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2 is the R6G saturation intensity [43] . The gain coefficient g 0 depends linearly on the equilibrium population inversion n eq ba , so that can be controlled through the external pump, and can reach values g 0 400 cm −1 [5] .
III. Averaged optical response of the disordered mixture
The optical response of the system depends on its three underpinning constituents: embedding PMMA, externally-pumped R6G, and randomly-oriented subwavelength graphene disks with diameter D = 30 nm. PMMA contributes to the optical response with a background dielectric constant b 2.23 at the operating wavelength. The polarizability of subwavelength randomly-oriented graphene disks is calculated through the standard electrostatic approach [25] , considering only the first dipolar resonance tail:
The total response of the system is thus calculated through the Clausius-Mossotti effective theory
where the factor 2/3 accounts for the random orientation of graphene disks and ext = b + χ R6G . In the limit of small graphene density, the Clausius-Mossotti expression reduces to eff (I)
IV. Nonlinear dissipative dynamics
Optical propagation of monochromatic waves inside the disordered amplifying medium is ruled by the doublecurl macroscopic Maxwell's equations with nonlinear effective constant eff (I):
By taking the ansatz E(r, t) = A(r ⊥ , z)e ik0( √ b z−ct)n , wheren is the arbitrary polarization unit vector, and adopting the slowly varying envelope approach (SVEA) |∂ z A| << k 0 √ b |A|, ∇ · E 0, one can neglect second order derivatives of the envelope ∂ 2 z A obtaining Eq. (1). The SVEA ceases to be valid for optical beams with size comparable to the wavelength, in which case the longitudinal component of the field becomes relevant. However, we never approach this limit in our calculations, and the SVEA remains fully valid for the results presented here.
Extended homogeneous nonlinear modes are calculated by setting A(z) = A 0 e iβz , where β = (k 0 /2) Re eff |A 0 | where γ represents the instability growth rate and Υ is propagation constant shift. Inserting this expression in Eq. (1) and linearizing with respect to the smallamplitudes δA 1 , δA 2 , we find a linear homogeneous algebraic system of equations, whose complex eigenvalues γ + iΥ are calculated numerically for every wave-vector q. Positive/negative growth rates γ indicate instability/stability against small-amplitude perturbations. Localized nonlinear modes are calculated by setting the ansatz A(x, z) = A 0 (x)e iβz in Eq. (1). The ensuing differential equation for A 0 (x) is transformed into a nonlinear system of algebraic equations by discretizing the spatial variable x = x m and the second order derivative ∂ 
